Methods of Applied Mathematics

Sheet 3 solutions

i+ (1+e)z=0, 2(0)=1, &(0)=0.

As usual, put
T =x0+ex + %0+ -

to get

{ (80 +eiy + )1+ ¢e)(wg+ex1 +--+) =0,

zeroth-order approximation:
Zo+x0 =0, 2o(0) =1, £9(0) =0 = ¢ = cost
first-order correction:
Z1+ 21 +x9=0, 21(0) =0, £1(0) =0 = & +x = — cost.

For PI try x, = Atcost + Btsint. So &, = Acost + Bsint + t(—Asint + Bcost) and &, =
2(—Asint + Bcost) + t(—Acost — Bsint).

Substitution gives

2(—Asint + Bceost) + t(—Acost — Bsint) + Atcost + Btsint = — cost

= -A2=0,2B=-1 = A=0, B= f% for a solution.

Hence z, = —%tsint and the general solution is
. 1, .
x1 = Ccost+ Dsint — itsmt.

So 1 = C'sint + Dcost — %sint — %tcos t. Initial conditions give C' =0, D =0 so

T = —§tsint

which has a secular term.
to remove it, scale t to s using

s=wt, w= 1+w15+w252+-~-.
The BVP becomes
W+ (1+e)r=0, z(0)=1, 2/(0) =0

and
(1+wie+--)(xg+ex{ +--)+ (1 +e)(zo+exs+--) =0
2o(0) + ez1(0) +--- =1, 24(0) + ez} (0) +--- = 0.
Using terms in €°:
xy +x9 =0, 29(0) =1, 2((0) =0 = 29 = coss.
Using terms in &!:
2wzl + 2] + 21+ 20 =0, 21(0) =0, 27(0) =0
= 2] + 1 = —2wix) — 10 = (2w1 — 1) cos s, x1(0) =0, z7(0) =0.

So choosing w; = % gets rid of the secular term.



The BVP for 21 becomes
2] +x1 =0, 21(0) =0, 27(0) =0= 21 =0.
So the solution valid up to first order is
xq(t) = cos(1+ %s)t.
Approximate period 7, is given by

1 1
(1+ EE)TQ =21 =7, =2mw(1+ 55)_1

1
=7, =27m(1 — 55) to first order.

(b) Exact solution is
x = cos((1+¢)'/%t)

which gives an exact period of
1
r=2r(1+¢)" Y2 =2n(1 - 3E+)

which agrees with 7, up to first order in €.

2. Dimensionless variables are:

¢=0/0.=0/e, t=T/1.=7/\alg =0=ch, T=1t\/a]g.

Equation of motion becomes

e d*¢ g
2V LT =0
(a/q) a2 + . sin(e@)
d*¢  sin(eg)
= — =0.
dt? + €
Since
@ _ e do
dr N A /a/g dt
the initial condition becomes % = 0 and the initial condition § = ¢ becomes ¢ = 1.

For perturbation we need to expand:

sin(;gb) :%(sqb—%62¢>3+"'):¢—%52¢3:"'

Then trying ¢ = ¢o + €1 + €2¢o + - - - gives

(<i50+s<231+s2a'52+---)+(¢o+e¢>1+a2¢z+-~->—é52(¢o+a¢1+52¢2+-~-

with . . .
do+epyr+e2pa+ - =0, ¢o+epr gyt =1.

Zeroth order approximation is given by coefficients of £°:
(50 + ¢O = 07 ¢0(0) = 07 d)o(o) =1
= ¢o = Acost + Bsint, ¢g = —Asint + Bcost
with B =0, A=1. So ¢g = cost.

First order correction is given by coefficients of £':

b1+ 61 =0, $1(0) =0, ¢1(0)=0 = ¢ =0.



Second order correction is given by coefficients of £2:
.. 1 4 . . 1 3 1
G2 + P — 6% =0, ¢2(0) =0, ¢2(0) =0 = o+ ¢ = g cos t= ﬂ(cos?)t + 3cost).

Solving ¢s + ¢ = 0 gives ¢. = Acost + Bsint, for a particular solution we try
¢p = C'cos 3t + Dtsint + Et cost.

Substituting into the differential equations gives

1 1
—90cos3t+2Dcost—Dtsint—2Esint—Etcost+Ccos$t+Dtsint+Etcost:ﬂcos?)t—&—gcost.
1 1 1 1
—-8C=—,2D=—-, —2E=0 C=——, D=—, E=0.
= 21’ 8’ = 192’ 16’
So ¢o = 192 cosSt—&—16ts1nt+Acost+Bblnt Using the initial conditions glvebA_—QandB_O.
So

1
——(cost — cos 3t) + Et sint.

92 = 19

Hence the solution contains the secular term %t sint that is present in ¢s.

. Scaled problem (that gives secular term) is
0 (6 b7 4} =0, 40) =0, 6(0) =1
Introduce new timescale s = wt where
w=1+¢ew + 2w,
Problems becomes
P4 {6 g 4} =0, F(0) =0, 9(0) = 1
where ’ denotes differentaition with respect to s. So
(14 ewr + 2w2)? (¢ + e + 2dh) + (¢o + b1 + 2o + -+ +) — %(qbo—kaqh +2¢a 4+ )P4+ =0
with
$6(0) +261(0) + %@ + -+ =0, ¢o(0) +e¢1(0) + %o + -+ =

Coefficients of £°:
0+ 00 =0, ¢;(0) =0, ¢p(0) =1 = ¢o = coss as before.
Coefficients of £!:
1+ 2wi¢p +¢1 =0, ¢1(0) =0, ¢1(0) =

To solve ¢} + ¢1 = —2wi Py = 2wy cos s we first solve the homogenous equation ¢} 4+ ¢1 = 0 to obtain
¢1 = Acoss + Bsins.

For a particular solution we try
¢p = s(Ccoss+ Dsins)

but this will give a secular term so we need to remove the cos s term from the right hand side of the
equation. I.e. we should take
w1 = 0.

Hence ¢1 = Acoss+ Bsins and using the boundary conditions ¢/ (0) = 0 and ¢;(0) = 0 gives ¢; =0
as before.



Coefficients of ¢
1
5+ 20107 + (Wi + 2w2)¢) = P2 — 6¢3 =0, ¢5(0) =0, ¢2(0) =0.
Since we took w; = 0, this reduces to
1
5+ 2way + P2 = 6¢8’ ¢5(0) =0, ¢2(0) = 0.

Putting ¢y = cos s and noting that cos® s = 1(cos3s + 3 cos s) gives

1 1
¢y — 2wy coS 8 + o = gqﬁg = ﬂ(cos?)s +coss), ¢5(0) =0, ¢2(0) = 0.
/! 1 3 /
= ¢y + o= 7 cos 3s + cos s(2wy + ﬁ)’ ¢5(0) =0, ¢2(0) =0.
So the secular term is removed by taking —2wy = % = wy = —%. To second order we get
w = 1— =2, Correction period is given by s = 27

1
H™t = t=21(1+ —¢c?) to second order

1
=swt=2r = t=21/w=271(1- —¢ 16

16
hence 7 = 27(1 4+ i—z) alg.
. Suppose x = xg + ex1 + 229 + - - -, substituting into 23 — (4 + &)x + 2¢ = 0 gives
(vo +exy + 2y + )3 — (d4e)(wo +exy + 2wy +--) +26 =0

Coefficient of €V:
x3749:0:0 = xo(ngll):() = 290=0 or zyg==£2.

Coefficient of ':

-2
3vixy —4day —xo+2=0 = (323 —d)x; =20 -2 = 1 :36027.
drg—4
Coefficient of £2:
2 2 2 2 x1 — 3z0m}
3xox] + 3xjre —4dxe — 21 =0 = (w5 —4)ze = 21 — 3wor; = X2 = 24
xd —

Since ¢ = 0.001 for the given equation, for 6 decimal places accuracy we need to go no further than 2.

Three roots

(a)

—2 5
3?0:0:}33‘1:74:0.5 :>$2:74:—0.125.

So root is

xo +ex1 + 229 = 0+ 0.0005 — (0.000001 x 0.125) = 0.000500(to 6 dec.pl.).

(b)

To=2=>21=0 =29 =0.
So root is 2.000000 to 6 dec. pl. (In fact 2 is an exact root.)

(c)

—4 —0. .5)2
To=-2=>11=——=-05 :>932:05+—6(05)

=0.125.
124 3(2)2 —4

So root is

20 + exy + €225 = —2 — 0.0005 + (0.000001 x 0.125) = —2.000500(to 6 dec.pl.).



